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If an n x n matrix has entries either zero or one, row sums r, and column sums 
s,, then C rf +lT, si < h(n + h/n) (Khintchine, Mat. Sb. 39 (1932). 35-39) and 
C rf +x 3: < nh + z r,si (Mat&S, Res. Report 1652, OTIA CSAV (1990)), where h 
is the number of ones. Extensions of the inequalities are presented and proved by 
elementary means. 0 1992 Academic Press, Inc. 
Let (X, X, ,u), ( Y, Y, v) be two finite measure spaces. If A is a measurable 
subset of the Cartesian product Xx Y, denote zA the characteristic function 
of A (the indicator of A) and 
fAX)=v(yE Y; (x, Y)EA) 
gA.v) =,4x E x; (x, .v) E ‘4) 
the coordinate functions of A with respect to the Y-axis and X-axis, respec- 
tively. By [3, Section 351 fA and g, are nonnegative measurable functions 
such that 
THEOREM 1. For every A E X x 9 and p, q positive there is 
P(X) v”( Y) P x v(A) + jx f# dp j,. gfl, dv 
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Equality takes place here if and only if A differs from a measurable rectangle 
of type X0 x Y or Xx Y, on a set of p X v measure zero. 
ProoJ The inequalities 
I z/,(x, y)Cv”(Y)-f~(x)lC~‘(x) - d(y)1 d(~xvv)(~~, ~120 xx Y 
hold trivially due to the nonnegativity of both integrands. It suffices to add 
them and to arrange the sum using Fubini’s theorem. 
Suppose the equality sign holds. Employing the notation 
x, =f,‘(V(Y))CX-fA’(0)=X2 
y,=g,‘Myw Y-g,‘(O)= y,, 
we deduce from the two above inequalities 
pxv(X,x Y,-A)=0 
pxv(An(X-X,)x(Y- Y,))=O. 
Hence, from 
pxv((X,-X,)x(Y;?-Y,)-A)=0 
pxv((X,-X,)x(Y2- Y,)nA)=O 
we obtain 
pxv((x*-x,)x(Y~- Y,))=p(X2-X,)V(Yz- Y,)=O. 
Assume now that ,u(X2 -X,) = 0. Since 
pxv(An(X-X,)x Y)=O 
pxv(X,x Y-A)=0 
(owing to the choice of X, and X2), we obtain p(A n (X, x Y)) = 0. The 
second case can be treated analogously. i 
Remarks. 1. Let both spaces X, Y be the intervals [0, Z] of length I> 0 
endowed by Bore1 sets and Lebesgue measure II and p=q. Then the 
inequality of Theorem 1 has the form (A, = 2 x A): 
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For p> 1, 
and then 
/l,(A) P+f j~p&)d~X]2 j'.l:+'(X)d.r+i"gi;+'(l')d~~ 
[ 0 0 0 
(with equality for A = [0, /] x Y, & a.e., p > 1). This inequality was proved 
first by Luxemburg [ 11. His approach is based on decreasing rearrange- 
ments off,, and other nontrivial facts of [4] concerning the coordinate 
functions. 
2. On discrete spaces X= { 1, 2, . . . . m}, Y = [ 1, 2, . . . . H) with the 
counting measures we can identify a subset A of Xx Y with a matrix of r?r 
rows and n columns whose entries la(i, j) are either zero or one. We denote 
by ri the sum of all entries of ith row and by sj the sum of all entries of 
jth column; Cy=, ri = CT= r s, = h. Then 
mPnqh+ f ry f sf’>mP ‘$ ry+‘+n“ i sj’” 
r=l j= I i= I j= , 
and the equality occurs if and only if the matrix has constant rows or 
columns. 
3. A. Khintchine presented in [6] the inequality 
for n >m. This is a special case of the foregoing one in which we put 
p = q = 1 and complete the matrix to the square form by zeros. Remark 
that after a rearrangement of the matrix Khintchine proceeds by induction 
on the number of different elements in the sequence r,, . . . . rm. The 
inequality was used by him as a substantial part of his proof that the 
sequence of squares of the natural numbers is an essential component 
(see C71). 
Consider the Cartesian product of two copies of a finite measure space 
(X, 3, p) and denote by X’ = Xx X, X2 = % x !Z and p2 = p x p. Similarly, 
X3 =Xx Xx X, p3 = p x p x p, etc. 
THEOREM 2. For every Z2-measurable subset A of X2 there is 
14x) 142(A) + ( 
X 
fA g, 4 3 j 
X 
f s, 4 + j,y s’, 4. 
1.58 NOTE 
The equality holds if and only if A and its complement are both transitive 
a.e.; for A it means that 
rud(x, Y, z)EX~; (x, ~1~4 (Y, Z)EA (xv z)$A))=O. 
In particular, for a set A in the form. of a finite union of measurable 
rectangles the equality holds if and only ty there exist a measurable partition 
CF=, Xi of X and L c { 1,2, . . . . n ] such that 
A= c X,xX,+ i i XixXj a.e. 
iEL i=l j=i+l 
ProojY It is evident that 
s lab, Y) ~A(Y, z)Cl - ~.A ~11 &(x, y, z) 2 0 x’ 
s X’ cl -la(x, y)lCl -za(y, z)] za(x, z)d&(x, y, z)>O. 
Again, the sum of these inequalities is equivalent to the desired one. The 
equality case is, in general, clear too. 
Let A be a union of Xi x Xj, where X = C;=, Xi is a measurable partition 
of X with blocks of positive measure. The partition may be and will be 
supposed to be “as course as possible”; i.e., we suppose that there does not 
exist 1 < i < j G n such that 
(XixX,cAoXjxX,cA) and (XkxXicAoXkXXjcA), 
k = 1, 2, . . . . n. We put for i # j, 
i<joXixXjcA. 
If the set A realizes the equality then the relation < orders the set 
(1, 2, **., n> completely. In fact, it is transitive and antisymmetric (the 
assumptions ii j and j< i yield (i< k o ji k) and (k < i o k < j) which 
contradicts the choice of the partition). Transitivity and antisymmetry of 
the relation {(i, j); i # j, i K j} are verified quite analogically. 
Hence, by a proper renumbering of the blocks we arrive at the men- 
tioned form of A and, since these sets are transitive together with their 
complements, we obtain the equality. 1 
Remarks. 1. On discrete spaces, Theorem 2 can be reformulated as 
nh+ i risi> i rf+ i s;. 
i= I i= 1 1=1 
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This inequality appears as a hypothesis in [9] and was proved by induc- 
tion on n in [lo]. When we consider the matrix as the adjacency matrix 
of a l-graph (see [ 11) it can be claimed that the sum of squares of all outer 
and inner (Y,, sj) demi-degrees of a l-graph is less or equal to the number 
of paths of length two (C risi) increased by the product of the number of 
vertices (n) and the number of arcs (h). Remark that this inequality does 
not follow from Khintchine’s one and vice versa. Related inequalities 
(especially those of works [S, 121) are discussed in [lo] too. 
2. Combining Theorem 2 with 
we arrive at 
the equality holds in the discrete case if and only if L or its complement 
is empty and blocks Xi have the same measure (i.e., A is “staircase”). This 
inequality was proved in [9] on finite spaces by rearrangements and induc- 
tion on n and generally by a limit technique. When considered on the unit 
interval it was revealed independently by de Valk [ 111 and follows from 
its general proposition (also proved by use of ingenious rearrangements). 
We remark that it admits an interesting probabilistic interpretation and 
has close connection with autocorrelation functions of two-valued one- 
dependent stationary random sequences (see [2, 1 l] ). 
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